We prove that a general hyperplane section of a smooth Legendrian subvariety in a projective space admits Legendrian embedding into another projective space. This gives numerous new examples of smooth Legendrian subvarieties, some of which have positive Kodaira dimension.
Introduction and statement of results
The main object of our studies are Legendrian subvarieties in projective space.
Definition. Let ω be a symplectic form on V = C 2n+2 . A subvariety X ⊂ P(V ) is Legendrian, if for each smooth point of its affine coneX the tangent space tô X ⊂ V at this point is Lagrangian, i.e., maximal isotropic with respect to ω.
Prior to this paper, one of the problems regarding smooth Legendrian subvarieties of P 2n+1 has been the lack of examples. It has been hoped, that in higher dimensions there is only a few of examples, mainly some homogeneous varieties, so called subadjoint varieties (see [LaMa] , [Bucz1] , [Mukai2] ). Strong restrictions on topology of smooth Legendrian varieties have been found and studied by Landsberg and Manivel. In this article we prove:
Theorem 1.1. Let X ⊂ P(V ) be an irreducible Legendrian subvariety, which is smooth or has only isolated singularities. Then a general hyperplane section of X admits a Legendrian embedding into a projective space of an appropriate dimension via a specific subsystem of the linear system O(1).
More generally, assume X ⊂ P(V ) is an irreducible Legendrian subvariety with singular locus of dimension k and H ⊂ P(V ) is a general hyperplane. Then there exists a variety X H whose singular locus has dimension at most k − 1 and which has an open subset isomorphic to the smooth locus of X ∩ H such that X H admits a Legendrian embedding.
The specific linear system and construction of X H is described in section 2.1 and there we prove that the resulting variety is Legendrian. The proof that for a general section the result has the required smoothness property is presented in section 2.2.
This simple observation has quite strong consequences. Many researchers, including Landsberg, Manivel, Wiśniewski, Hwang and the author of this article, believed that the structure of smooth Legendrian subvarieties in projective space had to be somehow rigid at least in higher dimensions. So far the only non-rational examples were known in dimensions 1 (see [Brya, thm G] ) and 2 (see [LaMa, §4] ) and these were also the only known to come in families. Now applying our theorem to the subadjoint varieties we get many more examples with various properties: [LaMa, §2.3] ). Example (f) is a contradiction to the naive expectation that Legendrian variety in a sufficiently high dimension must be homogeneous.
We also note that previous examples of the author also arise in this way. Example (e) for n = 2 is described in [Bucz2, ex. 3.4] . Hyperplane sections of Gr(3, 6), Gr L (3, 6), S 6 are studied in more details in [Bucz3] . Also non-homogeneous examples of other authors, Bryant [Brya] , Landsberg and Manivel [LaMa] can be reconstructed by theorem 1.1 from some varieties with only isolated singularities (see section 3).
All the varieties arising from theorem 1.1 and our construction in subsection 2.1 are embedded by a non-complete linear system. Therefore a natural question arises: what are the smooth Legendrian varieties whose Legendrian embedding is linearly normal. Another question is whether the construction can be inverted. So for a given Legendrian, but not linearly normal embedding of some variety X, can we find a bigger Legendrian variety X, such that X is a projection of a hyperplane section of X?
Building upon ideas of Bryant, Landsberg and Manivel we suggest a construction that provides some (but far from perfect) answer for the second question in section 3. In particular we represent the example of Landsberg and Manivel as a hyperplane section of a 3-fold with only isolated singularities and the examples of Bryant as hyperplane sections of surfaces with at most isolated singularities.
Legendrian varieties arise as varieties of tangent directions to minimal rational curves on contact manifolds (see [Bucz1, §2] and references therein for a brief review on the subject). Having many examples of smooth Legendrian varieties (as well as families of such), can we construct a new example of a contact manifold, whose variety of tangent directions to minimal rational curves is one of the Legendrian varieties (or is in the given family)? It is unlikely that the answer is positive, but if not, then what are the obstructions, i.e., what conditions should we request for the Legendrian variety to make the reconstruction of contact manifold possible?
2 Hyperplane section
Construction
The construction is as follows. Let H ∈ P(V * ) be a hyperplane in V . By
we denote the ω-perpendicular to H subspace of V , which in this case is a line contained in H. We think of h both as a point in the projective space P(V ) and a line in V . We define
to be the projection map and for a given Legendrian subvariety X ⊂ P(V ) we let
We have a natural symplectic structure ω ′ on H/h determined by ω. Also X H is always isotropic (i.e., the tangent bundle to X H is contained in the contact distribution) as the projection map H −→ H/h preserves the two 2-forms ω| H , ω ′ and moreover, every map of algebraic varieties is generically a submersion onto the image.
Also unless X is a cone with vertex h (so the choice of H is very special), the dimension dim X H = dim(X ∩ H) = dim X − 1 so that X is Legendrian.
Note that so far we have not used any smoothness condition on X.
Proof of smoothness
Hence to prove theorem 1.1 it is enough to prove that for a general H ∈ P(V * ), the map π gives an isomorphism of X ∩ H onto its image X H .
For a variety Y ⊂ P m we denote by σ(Y ) ⊂ P m its secant variety, i.e., closure of the union of all projective lines through y 1 and y 2 , where (y 1 , y 2 ) vary through pairs of different points of Y . Proof. By the lemma and the construction in subsection 2.1 it is enough to prove that there exists h ∈ P(V ) s.t. h / ∈ σ(X ∩ h ⊥ω ).
Given two different points x 1 and x 2 in a projective space we denote by x 1 , x 2 the projective line through x 1 and x 2 . Let:
so thatσ(X) is the incidence variety for the secant variety of X. Obviously, dim(σ(X)) = 2 dim X + 1 = dim(P(V )). Also we let:
so that the image of the projection of κ(X) onto the last coordinate is the locus of 'bad' points. More precisely, for a point h ∈ P(V ) there exist (x 1 , x 2 ) such that (x 1 , x 2 , h) ∈ κ(X) if and only if h ∈ σ(X ∩ h ⊥ω ). We claim that the image of κ(X) under the projection is not whole the P(V ). To see that note, that the condition defining κ(X), i.e., h ∈ x 1 , x 2 , x 1 , x 2 ∈ h ⊥ω is equivalent to h ∈ x 1 , x 2 and x 1 , x 2 is an isotropic subspace of V . Now either X is a linear subspace and then both the claim and the theorem are obvious or there exist two points x 1 , x 2 ∈ X such that ω(x 1 ,x 2 ) = 0 where byx i we mean some non-zero point in the line x i ⊂ V . Therefore κ(X) is strictly contained inσ(X) and dim(κ(X)) < dim(σ(X)) = dim P(V ), so the image of κ(X) under the projection cannot be equal to P(V ).
Corollary 2.2. Let X ⊂ P(V ) be an irreducible Legendrian subvariety whose singular locus has dimension at most k − 1. If H ⊂ P(V ) is a general coisotropic linear subspace of codimension k, then X H := X ∩ H is smooth and admits a Legendrian embedding via an appropriate subsystem of linear system O e X (1).
We sketch some proofs for examples 1.2:
Proof. K3 surfaces of (a) arise as codimension 4 linear sections of Lagrangian Grassmannian Gr L (3, 6). Since the canonical divisor K GrL(3,6) = O GrL(3,6) (−4) (in other words Gr L (3, 6) is Fano of index 4), by the adjunction formula, the canonical divisor of the section is indeed trivial. On the other hand, by [LaMa, prop. 9 ] it must have genus 9. Although we take quite special (coisotropic) sections, they fall into the 19 dimensional family of Mukai genus 9 K3-surfaces [Mukai1] and they form a 13 dimensional subfamily. The other families of surfaces as in (b) arise as sections of the other exceptional subadjoint varieties: Gr(3, 6), S 6 and E 7 . Since they are all Fano of index 5, 10 and 18 respectively and their dimensions are 9, 15 and 27 hence taking successive linear sections we get to Calabi-Yau manifolds as stated in (c) and further the canonical divisor is very ample, so we have examples of general type as stated in (b) and (d).
The Fano varieties arise as intermediate steps, before coming down to the level of Calabi-Yau manifolds. Also P 1 × Q n is a subadjoint variety and its hyperplane section is the blow up of a quadric Q n in a codimension 2 hyperplane section. The Del Pezzo surfaces are the hyperplane sections of the blow up of Q 3 in a conic curve.
Extending Legendrian varieties
Our motivation is the example of Landsberg and Manivel [LaMa, §4] , a Legendrian embedding of a Kummer K3 surface blown up in 12 point. It can be seen, that this embedding is given by a codimension 1 linear system. We want to find a Legendrian 3-fold in P 7 whose hyperplane section is this example. Unfortunately, we are not able to find a smooth 3-fold with these properties, but we get one with only isolated singularities.
We recall the setup for the construction of the example. Let W be a vector space of dimension n+1. Let Z be any subvariety in P n = P(W ) and let Z * ⊂P n = P(W * ) be its dual variety in the dual projective space. Also let Z ♯ ⊂ P(T * P n ) ⊂ P n ×P n be the conormal variety, i.e., the closure of the union of projectivised conormal spaces over smooth points of Z. Landsberg and Manivel study in details an explicit birational map ϕ := ϕ H0,p0 : P(T * P n ) P 2n−1 which depends on a hyperplane H 0 in P n and on a point p 0 ∈ H 0 . After Bryant [Brya] they observe that ϕ(Z) (if only makes sense) is always a Legendrian subvariety, but usually singular. Next they study conditions under which ϕ(Z) is smooth. In particular they prove that the conditions are satisfied when Z is a Kummer quartic surface in P 3 in general position with respect to p 0 and H 0 and this gives rise to their example.
We want to modify the above construction just a little bit to obtain our 3-fold. Instead of considering Z ♯ as a subvariety in
we consider a subvariety X in
such that the underlying affine cone of X in W × W * is the same as the underlying affine pencil of Z ♯ . In other words, we take X to be the closure of preimage of Z ♯ under the natural projection map:
Theorem 3.1. Let X ⊂ P(W ⊕ W * ) be a subvariety constructed as above from any irreducible subvariety Z ⊂ P(W ). Then: (i) X is a Legendrian subvariety contained in the quadric p −1 (P(T * P(W ))).
(ii) Choose H to be a hyperplane section of P(W ⊕ W * ) which does not contain agrees with the map ϕ from [LaMa, §4] .
To find singularities of X on X ∩P(W ) as in part (iii) note that X ⊂ P(W ⊕ W * ) is invariant under the following action of C * :
In particular points of X ∩ P(W ) are fixed points of the action. So let [w, 0] ∈ X and then T [w,0] X decomposes into the eigenspaces of the action:
where F w is the fibre of the projection:
. Clearly the image of X under the projection ρ is Z, so the dimension of a general fibre of ρ| X : X → Z is equal to dim X − dim Z = dim P(W ) − dim Z = codim PW Z. Therefore, since the dimension of the fibre can only grow at special points, we have:
Now assume [w, 0] is a smooth point of X. Then adding (3.3) and (3.4) we get:
By (i) the very left side is equal to the very right side, so in (3.3) and (3.4) all the inequalities are in fact equalities. In particular dim
is a smooth point of Z. Conversely, assume [w] is a smooth point of Z, then the tangent space
therefore clearly [w, 0] is a smooth point of X. Exactly the same argument shows that X is singular at a point [0, α] ∈ X ∩ P(W * ) if and only if Z * is singular at [α] . For the last part of (iii) it is enough to note that ρ is a locally trivial C * -bundle when restricted to P(W ⊕ W * )\ (P(W ) ∪ P(W * )).
Corollary 3.5. Given a Legendrian subvarietyZ ⊂ P 2n−1 we can take Z # := φ −1 H0,p0 (Z) to construct a Legendrian subvariety in P(T * P n ). Such a variety must be a conormal variety to some variety Z ⊂ P n . Let X ⊂ P 2n+1 be the Legendrian variety constructed above. By theorem 3.1 (ii), a component of a hyperplane section of X can be projected ontoZ.
Unfortunately, in the setup of the theorem almost always X is singular. 
